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Abstract. The aberration fields of misaligned on-axis telescopes can be described by nodal aberration theory.
However, traditional nodal aberration theory cannot directly apply to pupil-offset off-axis systems. In our previous
work, the net aberration fields of pupil-offset off-axis two-mirror astronomical telescopes induced by lateral mis-
alignments were investigated by extending nodal aberration theory to include pupil-offset off-axis telescopes with
a system-level pupil coordinate transformation through simulation. An experimental study on the net aberration
fields of pupil-offset off-axis three-mirror anastigmatic (TMA) telescopes induced by lateral misalignments is
further presented. Specifically, the astigmatism and coma aberration fields as well as their inherent relations
are analytically expressed, simulated, and quantitatively validated with a real pupil-offset off-axis TMA telescope.
Meanwhile, the differences between the aberration fields of misaligned off-axis and on-axis TMA telescopes are
revealed and explicated. Our work not only contributes to a deep understanding of the net aberration fields of
pupil-offset off-axis TMA telescopes induced by lateral misalignments but also represent an important validation
for the extension of nodal aberration theory to pupil-offset off-axis telescopes. © The Authors. Published by SPIE under a
Creative Commons Attribution 4.0 Unported License. Distribution or reproduction of this work in whole or in part requires full attribution of the original
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1 Introduction
Nodal aberration theory has been a powerful tool in studying the
aberration behavior of on-axis optical systems that contain mis-
aligned, or intentionally tilted and/or decentered components.1,2

This theory develops from the wave aberration theory of
Hopkins,3 based on the concept of shifted aberration field center
attributed to Buchroeder4 and the vector multiplication devel-
oped by Shack and Thompson5 (it is later discovered that the
operation had existed in the mathematical literature for about a
century).6,7 Thompson8–12 developed the concept of nodal aber-
ration theory and further extended this theory to fifth order. This
theory was extended to study optical systems with plane
symmetry.13 It was also used to design off-axis optical systems,
where the mirrors are tilted to obtain an unobscured
configuration.14,15 This theory was further extended to analyti-
cally express the effects of freeform surfaces on the net aberra-
tion fields several years ago.16,17 Recently, the correctness of
nodal aberration theory was verified through experiment with
a Ritchey–Chrétien telescope.18

However, the net aberration field characteristics of off-axis
telescopes with an offset pupil induced by misalignments are
very different from those of on-axis telescopes. Traditional
nodal aberration theory cannot directly apply to pupil-offset
off-axis systems. Traditional nodal aberration theory is only
directly applicable to optical systems with individually rotation-
ally symmetric surfaces, which can be decentered or tip-tilted,
while the surfaces in pupil-offset optical systems are no longer
rotationally symmetric. While some discussions have been pro-
posed to give a better understanding of the aberration fields of

pupil-offset off-axis telescopes with lateral, axial, and rotational
misalignments,19–21 the misalignment-induced aberration field
characteristics of pupil-offset off-axis telescopes are still not
well-known in the area of optics, especially for the case of
pupil-offset off-axis three-mirror anastigmatic (TMA) tele-
scopes. In addition, these investigations lacked enough valida-
tion through real experiment, which is an impediment to the
extension of nodal aberration theory to pupil-offset off-axis
telescopes.

In this paper, an experimental study is presented on the net
aberration fields (mainly including astigmatism and coma) of
pupil-offset off-axis TMA telescopes induced by lateral mis-
alignments. A system-level pupil coordinate transformation is
utilized to extend nodal aberration theory to include pupil-offset
off-axis systems. The astigmatism and coma aberration fields as
well as their inherent relations are analytically studied, simu-
lated, and quantitatively validated with an experiment. It will
be shown that the net astigmatic aberration field in the pupil-off-
set off-axis TMA telescopes induced by lateral misalignments
can be seen as a combination of a field-linear component and
a larger field-constant component. The field-linear component
is nearly the same as the astigmatism that exists in misaligned
on-axis TMA telescopes. The field-constant component is
mainly attributed to the effects of pupil offset, which converts
the misalignment-induced coma in the on-axis parent system to
the astigmatism in pupil-offset off-axis system. Due to this effect
of pupil offset, the field-constant astigmatic term has inherent
relationships with misalignment-induced field-constant coma
in pupil-offset off-axis TMA telescopes, which is still field
constant. All these results will be verified with a real pupil-offset
off-axis TMA telescopes. This work will contribute to a deep
understanding of the net aberration fields of pupil-offset*Address all correspondence to Guohao Ju, E-mail: juguohao123@163.com
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off-axis TMA telescopes induced by lateral misalignments. In
the following sections, when we refer to an “off-axis system,”
we particularly mean one in which the “parent” design has a
single axis of rotational symmetry, but the entrance pupil is
shifted sufficiently that the resulting system is unobscured.
We do not discuss those in which the mirrors are tilted to obtain
an unobscured configuration and no common axis exists.

This paper is organized as follows. In Sec. 2, the analytic
expressions of misalignment-induced astigmatic and coma aber-
ration fields of pupil-offset off-axis TMA telescope are derived
under some approximations. In Sec. 3, simulations and some
relevant discussions are presented to demonstrate the specific
astigmatic and coma aberration fields, including their inherent
relationships. The quantitative experimental validation is pre-
sented in Sec. 4. The paper is concluded in Sec. 5.

2 Analytic Expressions
The net image plane aberration of rotationally symmetric optical
systems consists of the sum of all the individual surface contri-
butions, which can be described by the wave aberration expan-
sion. The wave aberration expansion originally described by
Hopkins3 can be rewritten in vector form as9

EQ-TARGET;temp:intralink-;e001;63;509W ¼
X
j

X∞
p

X∞
n

X∞
m

Wklmjð ~H · ~HÞpð~ρ · ~ρÞnð ~H · ~ρÞm; (1)

where k ¼ 2pþm, l ¼ 2nþm, ~H is the normalized field vec-
tor, ~ρ is the normalized pupil vector, andWklmj denotes the aber-
ration coefficient for a particular aberration type of surface j.

In the presence of misalignments, the total aberration of the
system is still the sum of all the individual surface contributions.
However, the center of the aberration field contribution associ-
ated with each surface will deviate from the field center in the
image. In this case, the aberration function of the system should
be modified as

EQ-TARGET;temp:intralink-;e002;63;360W ¼
X
j

X∞
p

X∞
n

X∞
m

Wklmjð ~HAj · ~HAjÞpð ~HAj · ~ρÞmð~ρ · ~ρÞn;

(2)

with

EQ-TARGET;temp:intralink-;e003;63;287

~HAj ¼ ~H − ~σj; (3)

where ~HAj represents the effective field height of surface j, as
shown in Fig. 1(a), and ~σj represents the position of shifted aber-
ration field center of this surface, which is linearly correlated
with misalignments of the system.5,6,22

Conceptually, an off-axis telescope with lateral misalign-
ments can be obtained by decentering the pupil of a parent
on-axis system with the same misalignments while the other ele-
ments of the system stay unchanged. The coordinate transforma-
tion between the off-axis pupil and on-axis parent pupil can be
expressed as23

EQ-TARGET;temp:intralink-;e004;63;145~ρ ¼ ~ρ 0 þ ~s; (4)

where ~ρ 0 represents the normalized off-axis pupil vector, as
shown in Fig. 1(b), and ~s represents the location of the off-
axis pupil with reference to on-axis parent pupil.

The aberration function of off-axis systems with lateral mis-
alignments can then be obtained by substituting Eq. (4) into
Eq. (2), i.e.,

EQ-TARGET;temp:intralink-;e005;326;514

W ¼
X
j

X∞
p

X∞
n

X∞
m

Wklmjð ~HAj · ~HAjÞp

× ½ ~HAj · ð~ρ 0 þ ~sÞ�m½ð~ρ 0 þ ~sÞ · ð~ρ 0 þ ~sÞ�n: (5)

It can be seen that the aberration function of the off-axis system
has been expressed with the normalized pupil vector of this off-
axis system.

Before analyzing the misalignment-induced aberration field
characteristics of off-axis systems, we should explicitly express
the field dependencies of different aberration types. To this end,
Eq. (5) should be rewritten as19

EQ-TARGET;temp:intralink-;e006;326;369W ¼
X∞
n

X∞
m

~Clm · ½~ρnð~ρ · ~ρÞm�; (6)

where l ¼ 2nþm and ~Clm represents the coefficient of certain
aberration type at certain field point. The primes in Eq. (6) have
been neglected. Here, ~Clm can further be divided into the follow-
ing three components:

EQ-TARGET;temp:intralink-;e007;326;277

~Clm ¼ ~Cð0Þ
lm ð ~H; ~sÞ þ ~Cð1Þ

lm ð ~H; ~s; ~σ1; ~σ2; ::Þ

þ
X∞
i¼2

~CðiÞ
lmð ~H; ~s; ~σ1; ~σ2; ::Þ; (7)

where ~Cð0Þ
lm ð~H;~sÞ represents the aberration component for the

nominal off-axis system, which is independent of misalign-
ments, ~Cð1Þ

lm ð ~H; ~s; ~σ1; ~σ2; ::Þ represents the aberration component
linearly related to misalignments, and the other one represents
the sum of the aberration components, which have higher-order
(≥2) misalignment dependence. When only the third-order aber-
rations of the on-axis parent telescope are considered, the spe-
cific expressions of ~Cð0Þ

lm , ~Cð1Þ
lm , and

P∞
i¼2

~CðiÞ
lm are shown in

Table 1, and the derivations for these expressions are presented
in Appendix A.

The tip–tilt term (~C11 · ~ρ) that does not affect imaging quality
is not considered in Table 1, and the expression of ~Aklm is

(a) (b)

j

H

H  Aj

Shifted aberration
field center

s

'

On-axis pupil

Off-axis pupil

Fig. 1 Illustrations of (a) the effective field height and shifted aberra-
tion field center for surface j and (b) the system-level coordinate trans-
formation between on-axis pupil and off-axis pupil.
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EQ-TARGET;temp:intralink-;e008;63;616

~Aklm ¼
X
j

Wklm~σj: (8)

When only the third-order aberrations of the on-axis parent sys-
tem are considered, ~CðiÞ

lm ði > 2Þ is not existed.
In this paper, we only consider the net aberration contribution

of misalignments, and therefore, the first component in Eq. (7) is
neglected. In addition, considering that the magnitude of mis-
alignments is typically very small, the third component can
also be neglected for misalignment-level perturbations. When
only the third-order aberrations of the on-axis parent system
are considered, the analytics expressions for the net astigmatic
and coma aberration contributions of a certain set of lateral mis-
alignments are presented in Eqs. (9) and (10), respectively, i.e.,

EQ-TARGET;temp:intralink-;e009;63;460ΔWAST ¼ −ðΔ~A222
~H þ ~sΔ~A131Þ · ~ρ2; (9)

EQ-TARGET;temp:intralink-;e010;63;415ΔWComa ¼ −Δ~A131 · ½~ρð~ρ · ~ρÞ�; (10)

where Δ indicates the related variables are net changes induced
by a certain set of lateral misalignments, which are introduced
into an off-axis telescope. Note that in general an expression that
contains ~A131 or ~A222 describes a misalignment-induced change.
The reason for us to use a “Δ” is that ~A131 and ~A222 usually are
related to the aberration contributions of the total misalignments
of system. However, in some cases, we only care the net aber-
ration contributions of the net changes in the misalignment
parameters. In practice and in our experiment, we do not
know the specific misalignments of the system, and we can
only determine the change in misalignment parameters (by
introducing a known set of misalignments to the system).
Therefore, Eqs. (9) and (10) are mainly used to describe the
net changes of aberrations due to the net changes in misalign-
ment parameters. If the optical system is in the nominal state
before we introduce misalignments into it, then Δ can be
neglected.

We can see that the misalignment-induced astigmatism con-
tains two components, i.e., a field-linear component and field-
constant component. The misalignment-induced coma only con-
tains a field-constant component. In addition, we can see that the
expression of the field-constant astigmatism and field-constant
coma both contain the vector ~A131. This indicates that, in pupil-
offset off-axis telescopes, these two dominate kinds of misalign-
ment-induced aberrations have some inherent relations. The
inherent relations between the magnitude and orientation of
astigmatism and coma induced by lateral misalignments can
be roughly expressed as Eqs. (11) and (12),19 respectively, i.e.,

EQ-TARGET;temp:intralink-;e011;63;94jΔ~C5∕6j ¼ 3j~sj · jΔ~C7∕8j; (11)

EQ-TARGET;temp:intralink-;e012;326;6052ϕΔWAST
¼ ϕΔWComa

þ ξð~sÞ; (12)

where jΔ~C5∕6j ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔC5Þ2 þ ðΔC6Þ2

p
, representing the magni-

tude of the field-constant component of the misalignment-
induced astigmatism, and Ci is i’th fringe Zernike coefficient.

Here, jΔ~C7∕8j ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔC7Þ2 þ ðΔC8Þ2

p
, representing the magni-

tude of the misalignment-induced coma, j~sj is the magnitude
of the pupil decenter vector, ξð~sÞ represents the azimuthal
angle of the vector ~s, and ϕΔWAST

and ϕΔWComa
represent the ori-

entation of the misalignment-induced astigmatism and coma,
respectively. The underlying reason for this is that the field-
constant astigmatism is mainly attributed to the effects of
pupil offset, which converts the on-axis coma to off-axis
astigmatism.

3 Simulations

3.1 Illustration of the Misalignment-Induced
Astigmatic and Coma Aberration Fields in
Misaligned Off-Axis Three-Mirror Anastigmatic
Telescopes

To illustrate the astigmatic and coma aberration fields presented
above, an off-axis TMA telescope suitable for space application
designed by Moretto et al.24 is used, which was once a prelimi-
nary off-axis optical configuration for the Supernova/
Acceleration Probe (SNAP) Mission. This aperture size of
the primary mirror (PM) is 2 m and the F number is 10. The
optical layout of this telescope is presented in Fig. 2 and the
optical design parameters are presented in Appendix B. In
Fig. 2, we can see that the specific value of the normalized
pupil decentration vector ~s is ½ 0 −2.65 �T.

In this section, the full-field displays (FFDs) of CODE V®

are used to demonstrate the astigmatic and coma aberration

Table 1 The specific expressions of ~C
ð0Þ
lm , ~C

ð1Þ
lm , and

P∞
i¼2

~C
ðiÞ
lm for different aberration types.

Aberration type ~C
ð0Þ
lm

~C
ð1Þ
lm

P∞
i¼2

~C
ðiÞ
lm

~C20 · ð~ρ · ~ρÞ W 020 þW 220M ð~H · ~HÞ þ 2W 131ð~s · ~HÞ þ 4W 040ð~s · ~sÞ −2~A220M · ~H − 2~A131 · ~s
P

jW 220M ð~σj · ~σj Þ
~C22 · ~ρ2 1

2W 222
~H2 þW 131~s ~H þ2W 040~s

2 −~A222
~H − ~A131~s

P
jW 222~σ2j

~C31 · ~ρð~ρ · ~ρÞ W 131
~H þ 4W 040~s −~A131 0

~C40 · ð~ρ · ~ρÞ2 W 040 0 0

PM

SM
TM

FP

3650  mm

2000  mm

0
0

3650 1000
2.65

1000

T
s 0or 2.65

Fig. 2 Optical layout of the off-axis SNAP telescope.
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fields induced by lateral misalignments. The FFDs over a mod-
erate field of view (�0.3 deg) for the misalignment-induced
coma (Z7/Z8) and astigmatism (Z5/Z6) of this off-axis telescope
and its parent telescope with the same aperture size are shown in
Figs. 3 and 4, respectively. The misalignment parameters are the
same for Figs. 3 and 4, which are shown in Table 2.

In Table 2, XDE and BDE represent the mirror vertex decen-
ter and tip–tilt in the x–z plane, respectively. YDE and ADE

represent the mirror vertex decenter and tip–tilt in the y–z
plane, respectively.

Note that for TMA telescopes, the third-order aberrations are
corrected in the nominal state and we can neglect them in our
discussions. Therefore, we can roughly consider the total aber-
rations in the presence of misalignments as the aberrations
induced by misalignments. It can be seen from Fig. 3 that mis-
alignment-induced coma in the off-axis TMA telescope is

0.24 waves (1wave = 500 nm) 0.24 waves (1wave = 500 nm)

(a) (b)

Fig. 3 FFDs for (a) coma (Z7/Z8) in the off-axis SNAP telescope and (b) its parent on-axis telescope with
the same aperture size in the presence of the same lateral misalignments.

2.2 waves (1wave = 500 nm) 2.2 waves (1wave = 500 nm)

(a) (b)

Fig. 4 FFDs for (a) astigmatism (Z5/Z6) in the off-axis SNAP telescope and (b) its parent on-axis
telescope with the same aperture size in the presence of the same lateral misalignments.
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similar with that in the on-axis telescope, both of which are field
constant. Considering that the misalignment-induced coma
in on-axis telescopes can be accurately represented by
Eq. (10),2 therefore, the coma aberration field induced by mis-
alignments in off-axis TMA telescopes can still be roughly rep-
resented by Eq. (10).

On the other hand, it can be seen from Fig. 4 that the mis-
alignment-induced astigmatism in the off-axis TMA telescope is
very different from that in the on-axis telescope. Specifically, the
astigmatic aberration field in the off-axis TMA telescope
induced by lateral misalignments can be seen as a combination
of a field-linear, field-asymmetric term, which is exactly the
astigmatic term that exists in misaligned on-axis TMA tele-
scopes and a larger field-constant term. Through Eq. (9), we
can recognize that this field-constant term is mainly attributed
to the effects of pupil offset, which converts the on-axis coma to
the off-axis astigmatism.

In addition, considering that the misalignment parameters are
the same for Figs. 3 and 4, the inherent relationships between the
magnitude and orientation of coma and astigmatism expressed
by Eqs. (11) and (12) can be illustrated with Figs. 3(a) and 4(a).
On one hand, the ratio of the magnitude of astigmatism to the
magnitude of coma is about 9, which is close to 3j~sj (the value of
3j~sj is approximately equal to 8). On the other hand, the direc-
tion of coma in Fig. 3(a) is about π, and we can obtain that the
direction of astigmatism is about π∕4 according to Eq. (12),
which is in accordance with Fig. 4(a).

3.2 Nodal Property of the Astigmatic Aberration
Field in Misaligned Off-Axis Three-Mirror
Anastigmatic Telescopes

Considering that the astigmatic aberration field in misaligned
off-axis TMA telescopes is very different from that in on-
axis ones, this section presents some discussions about nodal
property of this misalignment-induced aberration field to pro-
vide a better understanding of it.

For TMA telescopes, all the third-order aberrations can be
corrected. In this case, we can neglect the aberrations of the
nominal system and only consider those induced by misalign-
ments represented by Eq. (9), which can further be rewritten as

EQ-TARGET;temp:intralink-;e013;63;205ΔWAST ¼−~A222

�
~H−

�
−
~A131~s
~A222

��
· ~ρ2; if ~A222 ≠ ~0: (13)

From this perspective, we can consider that the astigmatism
in off-axis TMA telescopes with lateral misalignments is still
field-linear and field-asymmetric, which is similar to the mis-
alignment astigmatism in on-axis TMA telescopes.2 However,
it is important to recognize that the node of this field-linear,

field-asymmetric astigmatism has been shifted to −
~AðPÞ
131

~s
~AðPÞ
222

, no

longer located at the field center. In addition, in the following,

we show that this node is generally not located in the field of
view, either. In Eq. (13), we remove the symbol Δ. As men-
tioned before, Δ is used to represent the changes in aberrations
due to the changes in misalignment parameters. If the optical
system is in the nominal state before we introduce misalign-
ments, then the changes in misalignment parameters are equiv-
alent to the total misalignments. In this case, we can remove the
symbol Δ for simplicity.

According to the Seidel formula, for on-axis systems, we
have

EQ-TARGET;temp:intralink-;e014;326;642WðsphÞ
222j ¼ ij

ij
WðsphÞ

131j ; WðasphÞ
222j ¼ yj

yj
WðasphÞ

131j ; (14)

where the superscripts (sph) and (asph) indicate that these aber-
ration coefficients are for the spherical base sphere and the
aspheric departure, respectively, ij and ij are the chief-ray inci-
dent angle and marginal-ray incident angle at surface j, respec-
tively, and yj and yj are the chief-ray height and marginal-ray
height at the surface j, respectively. In general, for the mirrors in
large astronomical telescope systems with a moderate field of
view, especially PM and secondary mirror (SM), we can
have jijj < jijj, jyjj < jyjj (here, j · j represents the absolute
value operator). Referring to Eq. (14), we can know that the
coma aberration coefficient for an individual surface is usually
much larger than astigmatic aberration coefficient, which indi-

cates that the magnitude j~A131j is usually much larger than the

magnitude j~A222j. In addition, for off-axis TMA telescopes with
unobscured pupils, we at least have j~sj > 1 and usually j~sj is
about 2 (j~sj represents the ratio of the pupil displacement to
the half pupil size). Consequently, in general, we can have

EQ-TARGET;temp:intralink-;e015;326;398

���� − ~A131~s
~A222

���� ¼ j~A131j
j~A222j

· j~sj > 1; (15)

which indicates that the node of this field-linear, field-asymmet-
ric astigmatism in misaligned off-axis TMA telescopes usually
lies outside of (and far away from) the field of view.

The underlying reason for this is that the magnitude of the
coma is magnified when it is converted into astigmatism through
pupil coordinate transformation. This larger field-constant astig-
matism term will displace the node from field center to some
position out of the field of view. This conclusion can be partly
demonstrated by Fig. 4(a). On the other hand, we should note

that j~A131j is not always larger than j~A222j. In the case where the
misalignment of a mirror can be seen as a rotation of the mirror
about its coma-free pivot point, no additional coma will be intro-
duced into the system.

4 Experiment

4.1 Experiment Setup

In this section, an experiment is performed to further validate the
correctness of the extension of nodal aberration theory to pupil-
offset off-axis telescopes. A real off-axis TMA telescope with an
offset pupil is used here; the specifications of this telescope are
presented in Table 3.

The schematic and physical maps of the experimental setup
with the off-axis TMA telescope are shown in Figs. 5 and 6,
respectively.

Table 2 The specific misalignment parameters for Figs. 3 and 4.

Mirror XDE (mm) YDE (mm) ADE (deg) BDE (deg)

SM 0.30 0.10 0.008 0.020

TM 0.07 0.05 −0.005 −0.008
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Specifically, the interferometer, flat reflecting mirror, and the
off-axis TMA telescope form a self-collimation optical path for
detecting the aberrations of the system. The whole experiment
setup is placed on an air-bearing platform to suppress the effects
of vibration on the detection results. The PM serves as the coor-
dinate reference, and we use a mask to accurately control its
actual aperture size. The SM is placed on a high-precision hexa-
pod (PI instrumental, Model C-887) that can control SM to align
the system or purposely introduce misalignments to the system
(the hexapod has six degrees of freedom). The rotational center
of the SM has been carefully determined to be in accordance
with definition of CODE V®. The tertiary mirror (TM) is placed
on a fine five-dimensional adjustment frame for alignment. Two
dial gauges are used to monitor the decenter of the TM in two
directions (there is another dial gauge located behind the TM,

which is not shown in Fig. 6). The flat reflecting mirror is used
for wavefront measurements at multiple field positions, and the
pose (i.e., azimuthal angle and pitching angle) of it can be pre-
cisely controlled with a theodolite and a two-dimensional (can
only be rotated and not be translated) adjustment frame. A row
of fans is utilized to disturb the temperature field in the room and
make the temperature distribution more uniform. Otherwise, the
difference between the temperatures of the cold platform below
the optical system and the warm air above the optical system can
make the refractive index of the air nonuniform, resulting in
measurement errors (this nonuniformity changes gradually,
making it hard to calibrate). We will repeat the measurement
process thousands of times with interferometer and take the
average value.

The off-axis TMA telescope was first assembled and then
roughly aligned. Since in this paper we concentrate on the
net aberration fields induced by lateral misalignments, not
the nominal aberration fields, we do not pursue the perfect align-
ment state of the system.

4.2 Experiment Procedure and Result Analysis

When the alignment process of off-axis TMA telescope is
roughly completed, we can begin to perform the experiment
for demonstrating the correctness of the extension of nodal aber-
ration theory to off-axis TMA telescopes. The specific experi-
ment procedure is presented below:

1. Measure the wavefront aberration coefficients of
the off-axis TMA telescope at five field points with
the interferometer. The specific positions of the five
field points are presented in Fig. 7 (red points).
Before wavefront measurement at each field point,
the azimuthal and pitching angle of the flat mirror
that is monitored by a theodolite should be accurately
adjusted.

2. Introduce two known sets of lateral misalignments
into the off-axis TMA telescope, the specific values
of which are shown in Table 4. In case 1, an additional
set of SM misalignments is introduced with hexapod.
In case 2, apart from SM misalignments, an additional
set of TM misalignments is also introduced with
adjustment frame, under the monitor of dial gauges

Zygo interferometer

PM

Reflecting mirror

SM

TM

X

Y

Z

Fig. 5 The schematic of the experimental setup.

Flat mirror

Interferometer

Fan PMSM TMAttenuator

Air-bearing platform

Hexapod
Dial gauge

Fig. 6 The physical map of the experimental setup.

Table 3 The specifications of the off-axis TMA telescope.

Parameter Value

Aperture 500 mm

Aperture offset −460 mm

Wavelength 632.8 nm

Focal length 6000 mm

Field of view 1.1 deg×0.25 deg

Field offset −0.3 deg
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(the changes in the tip–tilts of TM are hard to monitor,
and therefore we, here, only introduce decenters of
the TM). In Table 4, Δ indicates that these misalign-
ments are net change values, not absolute misalign-
ment values.

3. Measure the wavefront aberration coefficients of the
off-axis TMA telescope at the five field points with
interferometer again for each of the misalignment
cases, and compute the net changes of the aberration
coefficients at each field point induced by the inten-
tionally introduced misalignments.

4. Theoretically compute the net aberration contribution
of the intentionally introduced misalignments using
Eqs. (9) and (10) for each of the misalignment
cases. Meanwhile, the shifts of the aberration field
center of SM and TM (including Δ~σðsphÞSM , Δ~σðasphÞSM ,
Δ~σðsphÞTM , and Δ~σðasphÞTM ) can be computed according
to Ref. 22.

5. Compare the results of analytical expressions with
those obtained through real experiment and analyze
the deviations between them. If the results of analytical
expressions are approximately equal to the experimen-
tal results, the correctness of the extension of nodal
aberration theory to off-axis TMA telescopes can be
validated.

The wavefront maps of the off-axis TMA telescope at the
five designated field positions before introducing misalignments
to the system are shown in Fig. 8(a). Wavefront maps after

introducing the two sets of misalignments (shown in Table 5)
into the system are shown in Figs. 8(b) and 8(c), respectively.

We can see from Fig. 8(a) that the system has some high-
order components in the wavefront map due to figure degener-
ation of the PM and TM, especially TM, for we can recognize
that the effects of figure error are field dependent. After intro-
ducing one set of misalignments into the system, the effects of
figure error are submerged by the effects of misalignments. It
can be seen from Figs. 8(b) and 8(c) that the effects of lateral
misalignments are nearly field constant (mainly astigmatism),
and it is hard to distinguish between the wavefront maps at dif-
ferent fields.

The net changes of the astigmatic and coma aberration coef-
ficients at the five designated field positions induced by the two
sets of intentionally introduced misalignments are shown in
Table 5, including those actually measured aberration coeffi-
cients and those analytically computed with Eqs. (9) and (10)
(the relationships between Seidel aberration coefficients and
fringe Zernike coefficients should be considered). Some discus-
sions on Table 5 are shown below:

1. On one hand, it can be seen that the actually measured
aberration coefficients and those analytically com-
puted are roughly in accordance. The mean deviation
between the analytically computed coefficients and
those actually measured is 0.0185λ for case 1 and
0.0161λ for case 2. They also represent similar
aberration field characteristics. Specifically, the mis-
alignment-induced astigmatism contains a dominant
field-constant component and smaller field-linear
component, and the misalignment-induced coma is
nearly field constant.

2. On the other hand, there still exist some deviations
between them, and on the whole, we can roughly rec-
ognize that the magnitudes of the analytically com-
puted aberration coefficients are a little smaller than
those actually measured, which indicates a systematic
error. The main reason that may result in these devia-
tions (except those random measurement errors
induced by environmental perturbations) is that we
neglect the aberration contributions of the misalign-
ment-induced higher-order aberrations [such as ~A151 ·
~ρð~ρ · ~ρÞ or ~A171 · ~ρð~ρ · ~ρÞ] of the on-axis parent system
in the derivation of Eqs. (9) and (10). As presented in
Ref. 19, these aberrations can generate astigmatism
and coma through pupil coordinate transformation,
and the magnitudes of astigmatism and coma gener-
ated by them are usually far larger than the magnitudes
of themselves, in spite that the magnitudes of them are
usually very small.

3. In addition, we should note that the system is not in
perfect alignment state before additionally introducing
misalignments. The initial wavefront aberrations can
have a negative or positive effect on the final wave-
front of the system after introducing additional mis-
alignment to the system. This is the main reason for
why the net changes of aberration coefficients in
case 2 are larger than case1 while the final RMS wave-
front error in Fig. 8(c) is smaller than Fig. 8(b) for
several field points.

Hx

Hy

Actual f ield of view

Normalized field of view

(0.55 deg,    0.425 deg)(–0.55 deg, –0.425 deg)

(0.55 deg,    0.175 deg)(–0.55 deg, –0.175 deg)
(0 deg,   0.3 deg)

Fig. 7 The positions of the five targeted points in the field.

Table 4 The intentionally introduced misalignment parameters in the
two cases.

ΔXDE (mm) ΔYDE (mm) ΔADE (deg) ΔBDE (deg)

Case 1 SM 0.3 −0.3 0.01 0.01

TM 0 0 0 0

Case 2 SM −0.3 0.3 −0.01 −0.01

TM 1 1 0 0
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(a) (b) (c)

(–0.55 deg, –0.425 deg)(–0.55 deg, –0.425 deg)(–0.55 deg, –0.425 deg)

(–0.55 deg, –0.425 deg)

(–0.55 deg, –0.175 deg)(–0.55 deg, –0.175 deg)(–0.55 deg, –0.175 deg)

(–0.55 deg, –0.175 deg)(–0.55 deg, –0.175 deg)(–0.55 deg, –0.175 deg)

(0, –0.3 deg)(0, –0.3 deg)(0, –0.3 deg)

(–0.55 deg, –0.425 deg)(–0.55 deg, –0.425 deg)

Fig. 8 One set of wavefront maps for the off-axis TMA telescope at the five designated field positions
(a) before introducing misalignments and after introducing two different sets of misalignments to the sys-
tem, which correspond to (b) case 1 and (c) case 2 as shown in Table 4, respectively.
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Note that in the optical simulation software, such as CODE
V®, the symmetry plane of the off-axis system is usually in the
vertical direction, whereas in our experimental setup, the sym-
metry plane of the off-axis system is in the horizontal direction,
as shown in Fig. 6. Therefore, some coordinate transformations
between the coordinate system of the interferometer and the
optical model in CODE V® should be implemented to convert
the measured wavefront aberration coefficients to the actual
aberration coefficients of optical model in CODE V, for our
theoretical calculations are based on the coordinate system of
CODE V. In addition, the mask needed in wavefront measure-
ment using interferometer should be carefully determined.

Then we continue to demonstrate the inherent relations
between the field-constant astigmatism component and the
field-constant coma, which are induced by lateral misalignment.
These relations are deduced from the extension of nodal aber-
ration theory to off-axis systems. Therefore, if these relations
can be validated through experiment, the correctness of the
extension of nodal aberration theory to off-axis systems can

further be validated. The specific validation processes are pre-
sented in Table 6. The measured aberration coefficients pre-
sented in Table 5 are first fitted with Eqs. (9) and (10). The
fitted expressions for the net astigmatism and coma aberration
are shown in the first two lines in Table 6. The magnitudes and
azimuth angles of them [we can refer to Eq. (44) of Ref. 19 for
the computation of these azimuth angles] are shown in this table.
The last two lines present the last validation procedures for the
inherent relations between the net astigmatism and coma
induced by lateral misalignments for the two cases.

We can see from the last two lines in Table 6 that the inherent
relationships revealed in the experimental data are roughly in
accordance to the analytic expressions shown in Eqs. (11)
and (12). (We can neglect the additional 2π shown in the last
rows, for 2π is the period of the angles.) These results validate
the inherent relations between astigmatism and coma induced by
lateral misalignments, which are nearly independent of the spe-
cific values of the lateral misalignments (but dependent on the
specific kind of misalignments).20

Table 5 The comparisons between the actually measured fringe Zernike aberration coefficients (A) and those analytically computed (B) induced
by misalignments for the two misalignment cases shown in Table 4.

Coefficient type Field position

Case 1 Case 2

A B A B

ΔC5 ð−0.55 deg;−0.425 degÞ 0.505 0.520 −0.709 −0.723

ð0.55 deg;−0.425 degÞ 0.621 0.659 −0.877 −0.901

ð0 deg;−0.3 degÞ 0.544 0.605 −0.786 −0.823

ð−0.55 deg;−0.175 degÞ 0.527 0.552 −0.692 −0.745

ð0.55 deg;−0.175 degÞ 0.635 0.690 −0.889 −0.923

ΔC6 ð−0.55 deg;−0.425 degÞ 0.635 0.659 −0.369 −0.416

ð0.55 deg;−0.425 degÞ 0.496 0.520 −0.300 −0.318

ð0 deg;−0.3 degÞ 0.567 0.605 −0.370 −0.387

ð−0.55 deg;−0.175 degÞ 0.659 0.690 −0.405 −0.458

ð0.55 deg;−0.175 degÞ 0.521 0.552 −0.354 −0.358

ΔC7 ð−0.55 deg;−0.425 degÞ −0.118 −0.117 0.067 0.079

ð0.55 deg;−0.425 degÞ −0.104 −0.117 0.076 0.079

ð0 deg;−0.3 degÞ −0.113 −0.117 0.065 0.079

ð−0.55 deg;−0.175 degÞ −0.112 −0.117 0.059 0.079

ð0.55 deg;−0.175 degÞ −0.096 −0.117 0.073 0.079

ΔC8 ð−0.55 deg;−0.425 degÞ 0.095 0.117 −0.152 −0.154

ð0.55 deg;−0.425 degÞ 0.103 0.117 −0.139 −0.154

ð0 deg;−0.3 degÞ 0.099 0.117 −0.144 −0.154

ð−0.55 deg;−0.175 degÞ 0.106 0.117 −0.133 −0.154

ð0.55 deg;−0.175 degÞ 0.112 0.117 −0.126 −0.154

Note: Fringe Zernike coefficients are in λðλ ¼ 632.8 nmÞ.
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5 Conclusion
This work presents an experimental study for the extension of
nodal aberration theory to pupil-offset off-axis telescopes for the
first time. While the traditional nodal aberration theory can be
utilized well to analytically describe the misalignment aberra-
tion field characteristics of on-axis telescopes, it is not directly
applicable to pupil-offset off-axis telescopes. The net aberration
field characteristics of off-axis TMA telescopes induced by lat-
eral misalignments are still not well-known in field of optics. In
this paper, nodal aberration theory is extended to off-axis tele-
scopes with a pupil coordinate transformation. The astigmatism
and coma aberration fields as well as their inherent relations are
analytically expressed, simulated, and quantitatively validated
with real off-axis TMA telescope. It is shown that the experi-
mental results are approximately in accordance with the analytic
expressions. In addition, the deep discussions about the
differences between the misalignment aberrations of on-axis
and off-axis TMA telescopes contribute to a better understand-
ing of the effects of lateral misalignments on the aberration
fields of off-axis TMA telescopes.

6 Appendix A: Derivations for the Specific
Expressions of ~C

�0�
lm , ~C

�1�
lm , and

P∞
i�2

~C
�i�
lm.

When only the third-order aberrations of the on-axis parent sys-
tem are considered, Eq. (5) can be written as
EQ-TARGET;temp:intralink-;e016;63;182

W ¼
X
j

W220Mjð ~HAj · ~HAjÞ½ð~ρþ ~sÞ · ð~ρþ ~sÞ�

þ 1

2

X
j

W222j½ ~H2
Aj · ð~ρþ ~sÞ2�

þ
X
j

W131j½ ~HAj · ð~ρþ ~sÞ�½ð~ρþ ~sÞ · ð~ρþ ~sÞ�

þ
X
j

W040j½ð~ρþ ~sÞ · ð~ρþ ~sÞ�2; (16)

where W220Mj ¼ W220j þ 1∕2W222j,
9 representing the coeffi-

cient for medial focal surface. Equation (16) can be expanded
as

EQ-TARGET;temp:intralink-;e017;326;435

W¼
X
j

W220Mj½ð ~HAj · ~HAjÞð~ρ ·~ρÞþ2ð ~HAj · ~HAjÞð~s ·~ρÞ

þð ~HAj · ~HAjÞð~s ·~sÞ�

þ1

2

X
j

W222j½ ~H2
Aj ·~ρ2þ2 ~H2

Aj~s� ·~ρþ ~H2
Aj ·~s2�

þ
X
j

W131j

"
ð ~HAj ·~ρÞ ·ð~ρ ·~ρÞþ2ð~s ·~sÞð ~HAj ·~ρÞþ ~HAj~s ·~ρ2

þ2ð ~HAj ·~sÞð~ρ ·~ρÞþ~s2 ~H�
Aj · ~ρþð~s ·~sÞð ~HAj ·~sÞ

#

þ
X
j

W040j

"
ð~ρ ·~ρÞ2þ4ð~s ·~sÞð~ρ ·~ρÞþ2~s2 ·~ρ2þ
4ð~s ·~ρÞð~ρ ·~ρÞþ4ð~s ·~sÞð~s · ~ρÞþð~s ·~sÞ2

#
:

(17)

In this expansion, the following two vector multiplication iden-
tities are needed:

EQ-TARGET;temp:intralink-;e018;326;230

~A · ~B ~C ¼ ~A~B� · ~C; (18)

EQ-TARGET;temp:intralink-;e019;326;1882ð~A · ~BÞð~C · ~BÞ ¼ ð~A · ~CÞð~B · ~BÞ þ ~A ~C · ~B2: (19)

Equation (17) can further be rewritten as

Table 6 Validation processes for the inherent relations between the net astigmatism and coma induced by lateral misalignments for the two cases.

Case 1 Case 2

ΔW AST

��
0.0711
−0.0863

�
~H þ

�
0.6034
0.6061

��
· ~ρ2

��
−0.1166
0.0360

�
~H þ

�
−0.8060
−0.4096

��
· ~ρ2

ΔWComa

�
−0.1086
0.1030

�
· 3~ρð~ρ · ~ρÞ

�
0.0680
−0.1388

�
· 3~ρð~ρ · ~ρÞ

jΔ~C5∕6j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.60342 þ 0.60612

p
¼ 0.8552

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.80602 þ 0.40962

p
¼ 0.9041

jΔ~C7∕8j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.10862 þ 0.10302

p
¼ 0.1497

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.06802 þ 0.13882

p
¼ 0.1546

2ϕΔWAST
tan−1

�
0.6061
0.6034

�
¼ 0.7806 π þ tan−1

�
0.4096
0.8060

�
¼ 3.6118

ϕΔWComa
π þ tan−1

�
− 0.1030

0.1086

�
¼ 2.3827 2π þ tan−1

�
− 0.1388

0.0680

�
¼ 5.1679

jΔ~C5∕6j − 3j~sj · jΔ~C7∕8j 0.8552 − 3 · 460250 · 0.1497 ¼ 0.0289 0.9041 − 3 · 460250 · 0.1546 ¼ 0.0507

2ϕΔWAST
− ½ϕΔWComa

þ ξð~sÞ� 0.7806 −
�
2.3827þ 3π

2

	
¼ −0.0313 − 2π 3.6118 −

�
5.1679þ 3π

2

	
¼ 0.0147 − 2π

Note: Magnitudes of aberrations are in λðλ ¼ 632.8 nmÞ and the azimuth angles of them are in rad.
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EQ-TARGET;temp:intralink-;e020;63;752

W¼
�X

j

W220Mjð ~HAj · ~HAjÞþ2
X
j

W131jð ~HAj · ~sÞ

þ4
X
j

W040jð~s · ~sÞ
�
ð~ρ · ~ρÞ

þ
�
1

2

X
j

W222j
~H2
Ajþ

X
j

W131j
~HAj~sþ2

X
j

W040j~s2
�
· ~ρ2

þ
�
4
X
j

W040j~sþ
X
j

W131j
~HAj

�
· ~ρð~ρ · ~ρÞ

þ
X
j

W040jð~ρ · ~ρÞ2; (20)

where the aberration terms are regrouped according to their
pupil dependence and the tip–tilt and piston terms are neglected.
By substituting Eq. (3) into Eq. (20), we can obtain

EQ-TARGET;temp:intralink-;e021;63;555W ¼
( ½W220Mð ~H · ~HÞ þ 2W131ð~s · ~HÞ þ 4W040ð~s · ~sÞ�
þð−2~A220M · ~H − 2~A131 · ~sÞ þ

P
j
W220Mð~σj · ~σjÞ

)

· ð~ρ · ~ρÞ þ

2
64
�
1
2
W222

~H2 þW131~s ~Hþ2W040~s2
	
þ

ð−~A222
~H − ~A131~sÞ · ~ρ2 þ

�P
j
W222~σ2j

�
3
75

· ~ρ2 þ ½ðW131
~H þ 4W040~sÞ þ ð−~A131Þ� · ~ρð~ρ · ~ρÞ

þ ðW040Þ · ð~ρ · ~ρÞ2:
(21)

For simplicity,W020 term is not included in the above derivation.

7 Appendix B: Optical Design Parameters
of the Off-Axis SNAP Telescope

The basic optical parameters of the off-axis SNAP telescope are
shown in Table 7, and its high-order aspheric parameters are
shown in Table 8.
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